The mechanisms for the direct I-QH transition are still under debate [5, 6, 7, 11, 17, 18] .
Huckestein [5] argued that such a transition is a crossover from weak localisation to Landau quantisation rather than a phase transition. Therefore the observed transition or crossing point is not a critical point. According to Huckestein's argument, such a point should occur as the product µB = 1.
(1)
Here µ is the mobility such that the strong localisation due to high-field Landau quantisation becomes important when the product µB, which equals the ratio of Landau-level spacing to broadening, is large enough. To be a measure for Landau quantisation, µ should be the quantum mobility. Because the strong localisation is believed to be important to the QH liquid, it seems natural that a 2DES undergoes the direct I-QH transition at µB = 1 as we increase the perpendicular magnetic field. However, experimental evidence of quantum phase transition has been observed near the transition point [8] . In addition, the existence of Landau quantisation in the low-field insulator indicates that its onset may be irrelevant to such a transition [9, 10] . In fact, Landau quantisation could be unimportant to the crossover because its feature is absent near the crossing point in some reports [14, 15] . Corrections based on the e-e interaction [14, 15, 16, 18, 19] and low-field Landau quantisation effects [9, 10, 11] 
with χ = 4π 3 km * T /heB can be identified just as the 2DES undergoes the direct I-QH transition. Here T is the temperature, k, h, e, and m * are denoted as Boltzmann constant, Plank constant, electron charge, and effective mass, respectively. The oscillations are features of Landau quantisation, so it seems that the observed direct transition occurs near the onset of Landau quantisation just as suggested by Huckestein. In addition, Eq. (2) is valid at the transition point. However, different mobilities should be introduced just as in
Refs. [14, 15] because µB is much smaller than 1 at the crossing point. One is for the direct I-QH transition and the other is for Landau quantisation. Therefore, corrections to Huckestein's argument should be taken into account even when the onset of Landau quantisation can be approximated by the transition point where Eq. (2) is valid.
The sample used in this study is an AlGaAs/GaAs heterostructure. It is known that Landau quantisation can result in magneto-oscillations as the product µB < 1 [25] . Therefore, the appearance of magneto-oscillations near B c does not indicate that the transition occurs just as Eq. (1) is valid. While numerical studies show that such transitions can occur just as µB ≈ 1 in a non-interacting 2DES, Landau quantisation can induce magneto-oscillations at µB < 1 where such a 2DES is an insulator [11] . The coexistence of magneto-oscillations and insulating behaviour can be explained by the percolation theory [26, 27] . We note that Huckestein considered only a single mobility based on the Drude model, but another mobility µ ′ has been introduced in Refs. [14, 15, 16, 18] . The mobility µ corresponds to the quantum mobility while µ ′ can be related to the transport mobility although renormalization effects may be important [16] . In Refs. [14, 15, 16] , quantum correction based on the e-e interaction is taken into account to explain why direct I-QH transition occurs at µ ′ B ≈ 1. We note that the e-e interaction effect can modify the 2D density of states near the Fermi level, giving rise to a logarithmic T -dependent Hall slope of a 2DES [32] . As shown in Fig. 3 , the Hall slope is logarithmic T -dependent at T = 0.5 − 4 K in our system. Since the carrier density determined from the oscillations in ρ xx remains constant over the same temperature range, the observed logarithmic T -dependent Hall slope can only be ascribed to e-e interaction effect within our system. The parabolic negative magneto-resistance, however, is not apparent at µB < 1 in Fig. 2 although it is also expected under the e-e corrections [14] . In addition,
we note that the magneto-oscillations are absent at B c in Ref. [14] and Ref. [15] . while they appear near the transition point in our study and in Refs. [2, 3] . In different 2D
systems, therefore, it is possible that the dominant effects and/or parameters are not the same at low fields [14, 15, 33] . We can see from Fig. 3 that the Hall slope under a current I = 40 nA somewhat deviates from the expected logarithmic T dependence at the lowest temperature. To understand the mechanism for the deviation, we note that ρ xx at B = 0 is I-dependent with increasing the current, as shown in the inset to Fig. 3 . Here ρ xx (B = 0)
represents the value of ρ xx at zero magnetic field. The I-dependence indicates the existence of the current heating, under which the electron temperature T e is higher than the lattice temperature T [34]. Therefore, effects due to electron-phonon interaction could be important in our study for electrons to transfer the extra energy to the lattice, which can induce the deviation of the Hall slope at low T . We note that the zero-field resistivity can be used as a self thermometer to determine the electron temperature T e [34]. It is expected that the Hall slope of a 2DES can also be used as a thermometer [32] . As shown in Fig. 4 and its inset, both the zero-field resistivity and the Hall slope show that T e ∝ I α with the exponent α ≈ 0. In our study, both µ and µ ′ remain the same after decreasing the driving current, which indicates that the current heating and/or electron-phonon interaction is irrelevant to the difference between these two mobilities. By decreasing the current to I = 12 nA, as indicated by the red square in Fig. 3 , the deviation on the logarithmic T -dependence of the Hall slope at low T can be removed. In addition, we note that the direct I-QH transition at µB = 1 can still be related to the e-e interaction effect when corrections to the negative magnetoresistance are taken into account. Moreover, the linear T -dependence of the inverse of the phase coherence time τ φ in Fig. 5 indicates the scattering due to the e-e interaction while the nonzero intercept shows the zero-temperature dephasing [37] . The phase coherence time τ φ is obtained by fitting our data to the low-field equation [36] ∆σ
as shown in the inset to Fig. 5 , where Ψ is the digamma function and B 0 and B φ correspond to transport and phase coherence rates, respectively [32] . Therefore, the direct I-QH transition in our study could be dominated by the e-e interaction effect rather than the onset of Landau quantisation although different mechanisms should be introduced to understand the details.
To further check Landau quantisation near direct I-QH transitions, we re-examine the data published in our previous report [8] . In that report, we also investigated direct I-QH transitions, near which magneto-oscillations can be identified, at low magnetic fields in a 
